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Abstract. Given any Arithmetic Progression we could treat the
Sequence of its Sum upto n terms as another Progression and
Find a Formula for the Sum of this Progression, repeat the pro-
cess as many times as we may desire {find the Super-Sums of
the Original Arithmetic Progression upto any [«-Level] we may
say } and Find a Formula for the Sum upto n terms in each case.
The Progressive Rhythm upto any level [a- Level] may be cumila-
tively collected and A Generalized Arithmetic Progression De-
fined and its Sum upto n terms and Super-Sums upto n terms

may also be formulated analytically.
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1 Super-sums of an Arithmetic progression

1]
Let | A, =a+(n—1)b= A, beagiven Arithmetic Progression
[a, b] [, ]

with “a” as the Initiating Term and “b” as the Basic Difference where
“a” and “b” are algebraic numbers. We can determine the Super-Sums
upto any Level oo = 1,2,3---00. The ordinary sum of the Arithmetic

Progression is clearly the Super-Sum Level-1.

Notation
]

In [S], | A,, | ,[S],, is the Sum upto n terms of the o' Level of the
[, b]

[a + 1]
Arithmetic Progression [ super-sum o Level] and it yields the A,

[, b]
the (a + 1)™ Level of the given Arithmetic Progression.

We define Arithmetic Progression.

1]
A, |=a+(n—-1)b=A,
a, b] [a, b]

ALL the following Sequence of Formulae could be easily Proved by
the Method of Mathematical Induction by now traditionally formalized.

For each Level, the induction is performed on “n” and for the General
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Result the induction is performed on “a”. The Routine Steps are omitted

to save Eternal Space-Time!

[1] 2]
[S]p, | An | =an+ |:(n— () |0= Ay,
[a, b] 2| [a, b]
[Traditional Ancient Result]
[ [2) 3]
5], | An :a[n(n;— 1)] 4 [(n—l)(gn!)(nJrl) — A,
_[a, b] [a, b]
K (n+1)(n+2)
 [a, 0]
[4]
{(n —1(n)(n+1)(n+2) b A
41 n
[a, b]
[4]
5], | An | = [n(n + 1)(n4—|!— 2)(n + 3)] n
la, b]
[5]
[(n —D(n)(n+1)(n+2)(n+ 3)} b A
5! "
[a, b]

............... SSSS5555>>>>>



o —1]
1Sl | An Cl|:n(n+1)(n+2) ------ (n+a—2) ]4-
[a,b] (a—l)l
]
[(n—l)(n)(n+1) ------ (n+a 2)} s
o ! n
[, ]
]
ST | An a{nmﬂ)(mz) ------ (n+a-1) ]+
[a,b] a!
(= D)+ D)o eenra—n], O
[ (+1)! }b: [A?Z]

o+ 1]
[STp, | An a{n(n+1)(n+2) ------ (n+a) ]4—
[a, b] (a+1)!
(n=D(n)(n+1)------ iy *H
[ (v +2)! ]b: [AZ]

Inductive-progression

[In }a+(n1)b+[(”2)2(nl)}c .
[

a,b, ]
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“a” as the Initiating Term and “b” as the Basic Difference and “c” is
the inductive Factor [a,b, and c are algebraic numbers]. We can deter-
mine the Super-Sums upto any Level a = 1,2,3---00. The ordinary
Sum of the INDUCTIVE-PROGRESSION IS clearly the Super-Sum
Level - 1.

Notation
o]
In[S], | I, |[I[S], isthe Sum upto n terms of the o' Level of the
la, b, c|

INDUCTIVE-PROGRESSION [ super-sum a'" Level | and it yields the
la + 1]

I, the (a41)" Level of the given INDUCTIVE- PROGRESSION.

la, b, c|

1]

I, :a+(n—1)b+[(n_2)2(”—1)]C: 0

[a, b, c| [a, b, c|

{An interesting example of INDUCTIVE-PROGRESSION is the set
of Triangular Numbers. [Substitute a = 1,b = 2,¢ = 1].}

Now we can easily prove by Induction that the sum of this progres-

sion up to n terms is

y 1 [0 =20 = 1))
3!

Sl | In | =an+ | (n—1)(n)
[a, b, ] 2!



la, b, c|

ALL the following Sequence of Formulae could be easily Proved by
the Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for the General
Result the induction is performed on “a”. The Routine Steps are omitted

to save Eternal Space-Time!

2]
n(n+1 n—1)(n)(n+1
Sl | 1 :a[%}w o) )}b
[a, b, (]
3]
+[(”—2)(n—1)(n)(n+1)] _
4!
[a, b, (]
3]
1S, | In :a[”(”+1)(n+2)]+[(n—1)(n)(n+1)(n+2)
! 3 41
[a, b, (]
[4]
+[(7@-2)(71—1)(n)(n+1)(n+2) o
51 n
la, b, ]
[4]

. nn+1)(n+2)(n+ 3)]
4
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n [(n —D(n)n+1)(n+2)(n+ 3)] b
51

n [(n— 2)(n—1)(n)(n+ 1)(n+2)(n+3)} e T
6!

——————— >>>>>> 0000 FOR EVER oo

o = 1]
WM{ M,}G{Mn+nm+2) ------ (n+a—2) ]+

la, b, c| (a—1)!
(0= Do+ -0 =2)
a !
[ =2 = D) ~(n+ a2 _[?
Tl (a1 | o

ab, ] ol
(n=1)(n)(n + 1) ------ (n+a—11
(a+1)!
(=D D) fnra_1] *TY
b+_ (0 +2)] ]C[QIZC]

[a + 1]
Sl | Tn a{mn+wm+z> ------ (n+ ) ]+

[a, b, c|



(v +2)!
(=0 — Dn)---(n+ )]
b+{ (oz—|—3)! ]c[Inb]

——————— >>>>>> 0000 FOR EVER oo

3 Generalized Arithmetic Progressions-simple [* Arithmetic

Progression]

We define the
GENERALIZED ARITHMETIC PROGRESSIONS-
SIMPLE [* ARITHMETIC PROGRESSION]

A _
L =a + (n — 1)[)1 + [—(TL 1)(n)] by~
[a7b17 ___7bﬁ] 2
[(n —1)(n)(n+ 1)] by + -t
3!
mn—1Mn)(n+1)---(n+ 5 —2)
+ b3
6!
[1]
& (=1t —2) . *
> 0! T A
o=l [CL, b17 ___7bﬂ]
“a” as the initiating Term and “b,”, “by”, “b3” ---“b3” as the Basic
Differences [a, by, by, b3, - --, bg are algebraic numbers ]. We can de-

termine the Super-Sums of the GENERALIZED ARITHMETIC PRO-
GRESSION -SIMPLE UPTO any Level a = 1,2, 3 - - -00. The ordinary
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Sum of GENERALIZED ARITHMETIC PROGRESSIO -SIMPLE is
clearly the Super-Sum Level-1 of the same. “3” may be called Gen-
eralization of the GENERALIZED ARITHMETIC PROGRESSION -
SIMPLE.

Notation
o]
n [S], A;L [S],, is the Sum upto n terms of the o™ Level
[CL, bla T bﬁ]
of the GENERALIZED ARITHMETIC PROGRESSION-SIMPLE [Super-

la+ 1]
Sum o Level ] and it yields the I, the (a + 1)™ Level of the given

[a, b, c|
GENERALIZED ARITHMETIC PROGRESSION-SIMPLE.

g P T —=1)---(n+ ¢ —2)
— b
A, ;[ 0! ’
[a, b1, -- -, bg]
o]
= A;
[a7b17 "'7bﬂ]

ALL the following Sequence of Formulae could be easily Proved by
the Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n”and for The General
Result the induction is performed on “a”. The Routine Steps are omitted

to save Eternal Space -Time!



10
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* nn+ 1)(n + 2
[S]n A [ ( +3)!( + )]
[CL, bl; "',bﬁ]
B
(n=1)--(nto+1)
UX;{ (¢ +3)! bs
[4]
— A;
[@,bl, -- ,bﬁ]
[4]
[S]n A;; —a [n(”+ 1)(”4J'r 2)(n+3)]
[CL, bl; "‘,bﬁ] )
B
(1=1)--(n+9+2)
+;{ (¢ +4)! ]b¢
[5]
= A:‘L
[aabl, "-,bg]

——————— >SS



12

o= 1]
* n+1)(n+2)---(n+ o — 2
S S B LCER GRS BECRRE )
[avblﬂ T bﬁ]
B
(n—1)---(n+ ¢+ a—3)
+;[ (6+a—1) ]%
]
— A;;
[CL,bl,-- bg]
[
Sl A;I; :a[n(n+1)(n+2{i!——-(n+a—l)]
[CL?bl? - bﬁ]
J m=—1)---n+o+a—2)
+¢le (6 +a) }b‘b
o+ 1]
— A;';

[CL, b17 - b,@]
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I e B P R
S I R e
[avblﬂ "'7b5]
8
n—1)---(n+o+a—1)
+¢2{ (¢ +a+1) ]%
[ + 2]
— A;‘;
[avblv "'7bﬂ]

——————— >>>>>> cooo FOR EVER oo

4 Generalized Arithmetic Progressions-Random [*T Arithmetic

Progressions]

We define the
GENERALIZED ARITHMETIC PROGRESSIONS -RANDOM
[*T ARITHMETIC PROGRESSIONS]

A:;T =a+ (n—j1)b + {(n — ]2)(721'_ J2 + 1)] by
[aobb ___7bﬁ] .
[@lea ___7]5]

n [(n—j3)(n—j3+1)(n—j3+2)] by -

N [(n—jﬁ)(”—jﬁ+1)(n—é§3+2)"-(n—jﬂ+5— 1)} by
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I
MQ

[n—ﬁﬁ gt

¢
|
9=1 ¢
[1]
%

[Cl, b17 -t bﬂ]

[@7j17 "'7j5]
with “a” as the Initiating Term and “D;”, “b9”,“bs” --- “bs” as the Ba-
sic Differences [a, b1, b2, b3, ---, bg are algebraic numbers ] induced at
[@] “517, “jo”, “ja”, ---,"j5” respectively [j; > 1, ¢ = 1,2---(]. We

can determine the Super-Sums of the GENERALIZED ARITHMETIC
PROGRESSION-RANDOM upto any Level a = 1, 2, ---00. The ordi-
nary Sum of GENERALIZED ARITHMETIC PROGRESSION -RANDOM
is clearly the Super- Sum Level -1 of the same. “(3” may be called
Generalization- Level of the GENERALIZED ARITHMETIC PROGRES-
SION -RANDOM. J;, (I = 1,2---/3) may be called the Inductive Points

of the GENERALIZED ARITHMETIC PROGRESSION -RANDOM.

Notation
o]
In [S],, A;;T ,[S],, is the sum upto n terms of the a™ Level
[CL, b17 - bﬂ]
(@ j1, -~ js]

of the GENERALIZED ARITHMETIC PROGRESSION-RANDOM [Super-
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la + 1]

Sum o' Level] and it yields the n the (a+ 1) Level of the
[CL, bl) - bﬂ]
(@1, -~ jg]

given GENERALIZED ARITHMETIC PROGRESSION-RANDOM.

B
AT _ [n—3¢ -n—jpto—-1I,
[a, by, ?-'abﬂ] ; ” ¢
(@, j1, ---, jg]
[11
= Anr
[a, by, ---, bg]
[@gy, ---, 5]

ALL the following Sequence of Formulae could be easily Proved by
the Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for The General
Result the induction is performed on “«”’. The Routine Steps are omitted

to save Eternal Space-Time!

[1] 5 . .
- (0 ) ---n — s + &)
A R ) e Vi
[CL, b17 T bﬁ] o=t

[@7j17 ___mjﬂ]
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2]
) AT
[a7 b17 bﬂ]
[@jla ]ﬁ]
2]
9], N _ [n(n + 1)]
n 2l
[CL, bl, -- bg]
[@7j17 ]ﬂ]
B : :
(n—Jjo)---(n—jo+o+1)
UZI{ B 5
3]
_ Ay
[CL, b17 T bﬂ]
[Qj1, ---, jg]
3]
9], A:;T . {n(n + 13)|(n + 2)]
[a7 b17 - bﬁ] |
[@7j17 ]5]

+§[n—y¢ o+ o+ 2],

pu (¢ +3)!
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4]
_A)
[a7b1) "',bﬂ]
[@jla '--,jg]
4]
1S, AT . [n(n +1)(n+2)(n+ 3)]
" 4
[a7b17 ,bﬂ]
[@7j17 ,]5]
B . '
(n—Jg)---(n—Js + ¢ +3)
+;;{ (¢ +4)! ]%
5]
_A
[aabh "-,bﬁ]
[@jl’ __'7j5]
_______ SOSSSOOSSSSS>>>>>>
. [04_*7}] nn+1)(n+2)---(n+a —2)
[ ]Tl An a |: (O& _ 1)| ]
[aabh - - ,bﬁ]
[@7j17 ,]ﬂ]

g . |
(n—Jjo)---(n—jo+é+a—2)
+§:[ (¢ +a—1) ]%
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a]
_ A
[avblﬂ "'7b5]
[@jla "'7jﬂ]
la]
Sl AT ::a[n(n—%l)@1%—2)———@z+—a——1)]
n o!
[a7b17 - bﬂ]
[@7j17 ]5]
n—js)---(n—jy+od+a—1)
+Z{ Gt o) ]b¢
[a + 1]
_A)
[a7blv "'7b5]
(@1, ---, jg]
e (0 + 1) +2)---(n + )
S ) Ay :“[ (a+1) ]
[a’bb "'7b5]
[@7jla "'7jﬂ]

+i[n jo)---(n — ]¢+(/)—|—OA+1)]b¢

=t (¢ +a+1)!
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[a + 2]

[CL, b17 - bﬂ]
(@1, ---, Js]

——————— >>>>>> cooo FOR EVER oo

We could of course induct and repeat the same inductive-block at as
many random points of entry and generalize appropriately. The details

though trivial are cumbersome. [See:1]

Since the Initiating term and Basic differences can be any algebraic
number, we can see that each family of the Progressions elucidated here,

defines a unique Algebraic Field of Sequences.
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