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GENERALIZED GEOMETRIC PROGRESSIONS — A SURVEY

Dedicated to my esteemed teacher Shri. C. G. George
who taught me Algebra, Calculus (SSKZM)

Narayanan Raghunathan

Abstract :

Given any Geometric Progression we could treat the Sequence of its
Sum upto n terms as another Progression and Find a Formula for the
Sum of this Progression, repeat the process as many times as we may
desire {find the Super—Sums of the Original Geometric Progression
upto any [a—Level] we may say} and Find a Formula for the Sum
upto n terms in each case. The Progressive Rhythm upto any level
[a—Level] may be cumilatively collected and A Generalized Geometric
Progression Defined and its Sum upto n terms and Super—Sums upto
n terms may also be formulated analytically.
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1] SUPER-SUMS OF A GEOMETRIC PROGRESSION
[1]

Let | G, = ar™V = G, [n > 1] be a given Geometric
[a, 7] [a, 7]

Progression with “a” as the Initiating Term and “r” as the Common

Ratio where “a” and “r” are algebraic numbers (r # 1). We can

determine the Super—Sums upto any Level a = 1,2,3 --- oco. The

ordinary Sum of the Geometric Progression is clearly the Super—-Sum

Level-1.

Notation
o]

In [S], | G | ,[S]n is the Sum upto n terms of the o Level of
[a, 7]

the Geometric Progression [Super-Sum o' Level ] and it yields the
[ + 1]
G, | the (a+1)" Level of the given Geometric Progression.
[a,7]

We define the Geometric Progression.

[1]
Gp | = ™V = @,
la, 7] [a, ]

ALL the following Sequence of Formulae could be easily Proved by the
Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for The General

Result the induction is performed on “a”. The Routine Steps are
omitted to save Eternal Space—Time !

W] ey B
[Sln | Gn | = — 1 = G, [ Traditional Ancient Result |
fa.r)] T a,7]
o - (rn+h — 1)
2] ——~—n
B (r—1) o =1 —n(r - 1)
mnﬁh-*’ (r—1) ]_4 (r—1)2 ]
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ey (20 = 1)° — 1]
_ a[r(”+1)—[n(7’—1)+1]] _ a[ [n—(r—l)—1]]
(r—1)2 (r —1)2
_ a[r(nﬂ)[n(r — 1) =1 = [n2(r—1)2— 1]} ) [Gi),]
(r—1)2n(r—-1)—1] [ajn]
[n?(r — 1) — 1]
5 r2) — [n?(r — 1)+ n(r — 1) + 1] Pt _ e ———
. [fj"] -l (r=1)° | =< (r—1)3 ]
_ a[r(nﬂ)[n —(r=1)=1] = [*(r —1)3 - 1]] ) gl]
=T e
: r( ) — [n3(r — 1)3 + n*(r — 1) + n(r —
Sl | Gu | = af [ —1) (+T_<1)4 DLl RS
[a, 7]
sy 0= 1) 1]
:a[ [n—(r—l)—l]}
(r—1)*
_ a[r(nﬂ)[n(r — 1) =1 = [nAr—1)* = 1]} ) [G5]
(r—1)*n(r—1)—1] [ajn]
[5] P d 1A 4 3 — 19 4 n2(r — 1)2 4+ nlr —
Sl | G | = a| =ty 1 4ol ol el
[a, 7]
TRV i Gl 1)° —1]
R
(r—1)°

_ a[’r‘(n-i-l)[n(’r‘ -1 —-1] - [nS(r . 1)5 B 1]} ) 6]
= Pl — 1) 1)

________________ SSSSSSSSSSSSSSSSSSSSS



o = 1] rta=2) _pe=D(r — 1) 4o 4 n2(r —1)2 4 n(r — 1) +1]
] i |
1) [n@=D(r — 1)@= — 1]
:a[ [n(r —1) — 1 ]
(r —1)(e=D
B a[r(”“)[n(r )1 - e (- 1)) — 1) g‘]
a (r— 1 Dn(r—1) — 1] B [a,Z’]
o] pirtel) — =D — 1) 4 4 n2(r —1)2 4+ n(r — 1) + 1]
[Sn [f’;] = qf 1) ]
1) n*(r —1)* —1]
:a[ [(r —1) —1] ]
(r—1)
_ a[“’“”[n(r e Ve i Gl Ve U I [ac? !
(r—1)2n(r—1)—1] [a,j“]
o +1] r+) e — 1) +--- +n2(r—1)2+n(r—1) +1]
[STn [Gn] - a[ (r — 1)(a+D) ]
T(n—l-l) [ a+1)(7, 1) (at1) 1]
L MG
GERo
B R R e e G e
- = DG - ) 1 T

———————————————— SESsssessssssessssss cooo FOR EVER oo



2] INDUCTIVE GEOMETRIC PROGRESSIONS

We define the INDUCTIVE-GEOMETRIC PROGRESSION

((n—2)(n—1)) 1]
GI, | =ar" Vs 2! = GI, [n > 1]
la,r, s] la,r, s]

[P

a” as the Initiating Term and “r” as the Common Ratio and “s” is
the Inductive Ratio [a,r, and s are algebraic numbers (r # 1]. We
can determine the Super—Sums upto any Level a = 1,2,3 ---00. The
ordinary Sum of the INDUCTIVE-GEOMETRIC PROGRESSION is
clearly the Super-Sum Level — 1.

Notation

]
In [S], | GI. |,[S].is the Sum upto n terms of the o' Level of the
la,r, s]

INDUCTIVE-GEOMETRIC PROGRESSION [Super-Sum o' Level |
[ + 1]

and it yields the | GI, | the (a+1)" Level of the given INDUCTIVE-
la,r, s]

GEOMETRIC PROGRESSION

(n—2)(n—1) 1]
GI, | = ar("_l)s< 2! ) = GI,
la,r, s] la,r, s]

ALL the following Sequence of Formulae could be easily Proved by the
Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for The General

Result the induction is performed on “a”. The Routine Steps are
omitted to save Eternal Space-Time!

STy, C[Jlf]n = M[(nz_l)(n—i)s((n_i)(gl_i+1))} = G[Qf]n

la,r, s] la,r, s



[1]
S, | GI, | =
la,r, s]
(r+) — 1) . .
— —n (-1 Y (n—i)(n—i+1)
[ S (e, ()

_ a[r("H) zrl_—&(r _ 1>] [“Z‘” ((n _ i)(;z!— i+ 1)>S(<n - z'><Z!— i+ 1)>

1=2

]
(n—1) (n—i)(n—i+1)

(D) — n(r — n—i)(n—1i
— (7~[—(1)21)+1]HZ(( )(2! H))S( 2 )]

1=2

_r(n+1)_[n2(r_1)2_1] (n—1) . _ (n—i)(n—1i+1)
e e U

_ . ) n(r — 1) — 1] — [n%(r — 1)% — 1]}
(r = 1)2fn(r —1) = 1]

(n—1) (n—i)(n—i+1)

5 ((n—z’)(n—i+1)>8( . )]

2!
=2

[3]
- GlI,

la, T, ]

[3]
GI,

la,r, s]

[STn

_ a[r(””) — [nz(r(— 1) )+ n(r—1)+ 1]}
r—1)3

VI (n—i)(n—i+1)
[ (ol +2>>8( > )]

1=2
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poy P | (n—i)n—i+1)
o (iqz(rl)—gn—u s ((n—l)(n—z;—!l)(n—z—l—Z))s( g )}

_ a[ﬂ“”[n(r ek e L el Vi
(r=1PM(r = 1) 1]

[("Z_l) (<n_¢><n_z-+1><n_¢+2>>8((”_”(Zf””)]

3!

1=2

[4]
= GlI,

la, T, ]

[4]
GI,

la,r, s]

[S]n

S LAt i Gl e U e G R

(r— 1)t
D it it m—i+gy (LDEitY
[Z (=i o =i+ 2) >)S( > )}
RO U G Vel

o n(r—1) — 1]
_ (r— 1)1
(n—1) (n—d)(n—i+1)

S ((n—i)(n—i+1)(Zl—i+2)(n—i—l—3)>s< i )}

T =2

. e D n(r — 1) — 1] = [n*(r — 1)* — 1]}
(r = 1)n(r —1) = 1]

Pl n—1)(n—1 n—1 n—1 (n=i)n—itl)
5 (i i 2) +3>)$( . )}

T =2



[5]
= GI,
la,r, s

[5]
GI,

la,r, s]

[STn

_ a[r("“) —[ntr =D +n3(r =13 +n*(r—1)2+n(r—1)+ 1]}
(r—1)°

(n-1) . . . . . (n—i)(n—i+1)
m—i)(n—i+1)n—i+2)(n—i+3)(n—1i+4)
ol )
1) [n(r —1)° — 1]
. n(r—1) —1]
I (r—1)5
(n-1) . . . . . (n—i)(n—i+1)
r m—d(n—i+1)n—i+2)(n—i+3)(n—1i+4)
bl )
. i D n(r — 1) — 1] — [n®(r — 1)° — 1]
(r = 1)°n(r —1) = 1]
(n—1) _ . . . . (n—i)(n—i+1)
r n—i)n—i+1)(n—i+2)(n—i+3)(n—1i+4)
S )
(6]
= GI,
la,r, s]
————————————— P I I
o~ 1)
[S]. | GI,
la,r, s]
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[r("+°‘_2) — e D - D 42— 12+ n(r—1) + 1]]

(r — 1)1

it —1)(n—1 -——-(n—14+a-— (n=)n—it])

55 (e o2, ()

) [ne=D(r — 1)l — 1]
:“[ @_ﬁlly‘” ]

= in—it 1) (n—ita— =9 =itl)

(5 (it (FR)
™ n(r = 1) = 1] = [ (r — 1)) — 1]
_a[ (r — D)@ D[n(r — 1) — 1] ]

Y i — it D) (n— it 2) <w—wmfi+n) a]

_Z;( (@ —1) )S 2 } :[f?Q
(5], gi

| [a, T, 5]

a[r("+o‘_1) — e V(D)) 02— 1)2 4+ n(r— 1)+ 1]]
(r—1)«

Fg?Cn_mn—uqyrm—i+a—n%<m_w%;¢+wn
H;U_hﬂw—lﬁ—ﬂ
:a[ [n(r —1) —1]
(r—1)
[(g) ((n—i)(n—i+1)(;!--(n—i+a— 1))S<<n_z)<;_l+1))}

_ a[r("+1)[n(r —1)=1]=[n*(r—-1)*— 1]]
(r—1Don(r—1)—1]
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01 . . . (n—i)(n—i+1) a
:(Z)((n—z)(n—z+1)o—é!——(n—z+0z—1))s< o i )} _ [C;}nl]]
[+ 1] N

1S]. | GI,
| [a, T, 5]

r+) ey — 1) 4 --- +n2(r — 12+ n(r — 1) +1]
[ 1) )

= a

[(nz_l)((n—i)(n—i+1)———(n—i+a))8( -

(a+1)!

=2
w1 )

- “[ (r —[n1(§<a_+11>) — ]

[mi) ((n—i)(n—i+1)-—-(n—z’+a)>8((n_i)<g!_i+1))}

|
— (v 4+ 1)!

™ n(r = 1) = 1] = [p@FD(r — 1)+ — 1]
- “[ (r— 1)@ Dn(r — 1) — 1] ]
[(’il) ((n —)n—i+t 1)--—(n—z’+a>)s((n - i)(gl_H D)} = [QGZQ]

(a+1)! a7, 5]

---------------- SEsssssesssssessssss cooo FOR EVER oo

3] GENERALIZED GEOMETRIC PROGRESSIONS-SIMPLE
[+ GEOMETRIC PROGRESSIONS]
We define the

GENERALIZED GEOMETRIC PROGRESSION-SIMPLE [* GEO-
METRIC PROGRESSION]

- ((n — 2)2(n - 1)) (n—1) ((n — z’)(g!_ i+ 1)>

=ar S, ! Z (n—1)s,

G*

n

la,r, s1,--- 53]



11

5 ((n—i)(n—itﬂl):l—)(!n—ijLﬁ—Q))

g (n—1) . . )
_ (1) (n—i)(n—i+1)---(n—i+¢—2) 9l
ar ;Z:;rl G- )s¢
[1]
= G* n > 1]
la,r, s1,---, 53]

[q3ee}]

“a” as the Initiating Term, “r” as the Common Ratio and “s;”, “ss”,
“s3”, ---, “sg” as the Inductive Ratios [a,r, s1, S2, S3,---, S5 are al-
gebraic numbers]. We can determine the Super—Sums of the GEN-
ERALIZED GEOMETRIC PROGRESSION-SIMPLE upto any Level
a =1,2,3---00. The ordinary Sum of GENERALIZED GEOMET-
RIC PROGRESSION - SIMPLE is clearly the Super—-Sum Level —1 of
the same “3” may be called Generalization—Level of the GENERAL-

IZED GEOMETRIC PROGRESSION -SIMPLE.

Notation

o]
In [S], G* , [S],, is the Sum upto n terms of the " Level
la,r, s1,---,5g]
of the GENERALIZED GEOMETRIC PROGRESSION —SIMPLE [Super—
[a + 1]
Sum o Level | and it yields the G* the (a+ 1) Level of
la,r, s1,---, 53]

the given GENERALIZED GEOMETRIC PROGRESSION —~SIMPLE.

G*

[CL,’T’, Sla“‘“vsﬁ]
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=ar” EB: nzf (n_l ”"+1)---(n—z+¢—2)s¢((n_i)(gl‘”l))

¢=1i=¢p+1 (¢ - 1)
[1]
[CL, r,S1,---, Sﬁ]

ALL the following Sequence of Formulae could be easily proved by the
method of Mathematical induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for The General
Result the induction is performed on “a”. The Routine Steps are
omitted to save Eternal Space—Time!

[1]
9], G* -

n
[CL,’T’, 817_'_755]

5 (n-1) (n—i)(n—1i+1)
s S et oire), ()

¢=1i=¢+1

_ [2] _
= G:
_[a’ Ty 81,7775 Sﬁ]_

g
8], a* _

n

_[CL, T, 817_'_785]_

a[r(nﬂ)[n(r —1) = 1] = [n*(r — 1) - 1]]
(r—1)%n(r—1) —1]

8 (n-1) ( 1( D) ) <(n—i)(n—i+1))
n—1i)(n—:1 ---(n—1 I
;; ( 6+ 1)! )5 ?
[3]
— G*

n

[CL,’T’, Sla“‘“asﬁ]
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3] }
(ST Gy
la,r, s1,---, 53]
a[r("+1)[n(r —1) = 1] = [n3(r—1)> - 1]]
(r—=13[n(r—1)—-1]

5 . _ ((n—z’)(n—z’—l—l))
Z (n—z(n—z+1)—-—(n—l+¢+1)>s 91
¢=1 i=¢+1 (¢+2)! ’
[4]
— G*
la,r, s1,---, s3]
[4] 7ﬂ(n+1)[n(r _ 1) _ 1] _ [n4(7‘ _ 1)4 _ 1]
[S]n - sf?— SJ - a[ (r = 1)*n(r — 1) — 1] }
(n=)(n—i+1)
i( (n—z(n—i+1)———(n—i+¢+2)>s< 9 )
=1 i=¢+1 (¢+3)! ’
[5]
— G*
la,r, s1,---,5g]
15 P [ — 1) — 1] — [03(r — 1) — 1]
[S]n ar sfil--,sﬁ]] - a[ (r—13%[n(r—1)—1] }
- (n—i)(n—1i+1)
v )<<n—z‘)(n—z’+1)—--(n—z‘+¢+3)>s( )
p=1 i=¢+1 (¢+4)! ’
[6]
— G*
la,r, s1,---, sg]

SEESEEESEESSESSSSSSSSSSSSSISSS
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[STn

fa— 1
G*
[CL, r, 817___785]

r D n(r —1) — 1] = peD(r — 1)l — 1]
“[ (r— 1)@ D[n(r — 1) — 1] }

5 (n-1) . . ((n—i)(n—i—l—l))
Z (n—z(n—z+1)-—-(n—z+¢+a—3)>s ol
p=1 i=¢+1 (¢+a—2)! ’
[a]
— G*
la,r, s1,---, s3]
o] r D n(r —1) — 1] — [n(r — 1)* — 1]
[S]n [a,r,aGiL- Sﬁ]:| - a[ (r—1)n(r—1)—1] ]
(=) —i+1)
25: (n—z(n—i+1)———(n—i+¢+a—2)>s< o )
¢=1i=¢+1 (¢+a—1)! ’
o+ 1]
— G*
la,r, s1,---, 53]
o+ 1]
[S]n Gy }
la,r, s1,---, s3]

D n(r — 1) — 1] — [pe(r — 1)) 1]
[ (r =1+ Vn(r—1) 1] }

= a

=

0D =it 1) (n—it bt a—1) ((”_“(ZF””>
> ( (6+a)! )ss |

¢=11i

T
<

+1
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---------------- SEsssssssssssessssss cooo FOR EVER oo

4] GENERALIZED GEOMETRIC PROGRESSIONS-RANDOM
[*T GEOMETRIC PROGRESSIONS]
We define the

GENERALIZED GEOMETRIC PROGRESSIONS-RANDOM [ %" GEO-
METRIC PROGRESSION]

(n =) =i+ DY (-
U 2 )& i)
[[ ]— s, > (= i)sa )

CL,’f’,Sl,---,Sﬁ] 2!
[@>2ajla_'_>jﬁ]

1=J2

(nz_i) ((n — z’)(?;!— i+ 1)>83<(n - Zb)(g!_ = 1)> ______

1=J3

(n—1)

m—i)(n—i+1)---(n—i+5—2) |
2%( (B—1) )% ?
(n—i)(n—1i+1)
Ly n—i)(n—i+1)---(n—i+¢—2)
= ar® ; ; ( Y ¢< 2! )
[1]
= ar n > 1]
la,r, s1,---, S5]
[@’2>jla“‘ajﬁ]

“a” as the initiating Term, “r” as the Common Ratio and “s;”, “ss”,

[43 2

“s3”, ---, “sg” as the inductive Ratios [a,r, s1, S2, S3,---, sg are alge-
braic number r # 1] induced at [@] “j;”, “js”, “j3”, ---, “jg” respec-
tively [j1 > 1,i=1,2---1].
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We can determine the Super—Sums of the GENERALIZED GEOMET-
RIC PROGRESSION—- RANDOM up to any Level a = 1,2, 3---00.
The ordinary Sum of GENERALIZED GEOMETRIC PROGRESSION-
RANDOM is clearly the Super-Sum Level —1 of the same. “3” may
be called Generalization—Level of the GENERALIZED GEOMETRIC
PROGRESSION ~-RANDOM.

Notation
[o]
In [S], G;‘L‘T , [S]» is the Sum upto n terms of the o' Level
la,r, s1,---, 53]
[@’ 87j1>"'>j5]
of the GENERALIZED GEOMETRIC PROGRESl]SION - RANDOM
[ }
[Super—Sum o Level] and it yields the G the (o + 1)
la,r, s1,---, S5]
[@a 2>j1a“‘ vjﬁ]

Level of the given GENERALIZED GEOMETRIC PROGRESSION —
RANDOM.

ar'
[CL,’T’, 817___785]

[@727j17___7j,3]
2D i )i o2y (g
. (n—1) n—)n—1 ---{n—-1 — 2]
= ar 1;i:j¢< = )s¢
[1]
= G
[CL,T,Sl,---,Sﬁ]
[@727j1a___7jﬁ]

ALL the following Sequence of Formulae could be easily Proved by the
Method of Mathematical Induction by now traditionally formalized.
For each Level, the induction is performed on “n” and for The General

Result the induction is performed on “a”. The Routine Steps are
omitted to save Eternal Space-Time !
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((n—i)(zl—z’%— 1))

a(rn—1)§: ((n—i)(n—i—i—l)———(n—i—l—(b—1))

o B

S|

[r2("+1)[n(r —1)—=1] = [n*(r —1)* - 1]}
= PG = D -1

B (n—1) . . .
m—i)(n—i+1)---(n—1+ ¢) ( 91 )
; — < (6+1)! )S¢
[3]
= G;IZT
[CL,T’, S1,--- Sﬁ]
[@727j1 Js
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a[r("+1)[n(r —1) = 1] = [n*(r—1) - 1]]
(r=1)%n(r—1) —1]

2D i+ 1o 1)y ()
n—i)(n—i -——-(n—1 |
; Z; ( (6 +2)! >3¢ ?
[4]
= G;I:r
la,r, s1,---, s3]
[@ 2aj1> ]5]
4 (n+1)
o o n(r—1) = 1] = [p*(r — 1)* = 1]
[Sn - jn_ SJ = | = )it — 1) — 1] ]
[@727j17"'7jﬁ]
B (n—i)(n—1i+1)
B (n—1) . . .
m—i)n—i+1)---(n—i+0+2) ( ' )
2 Z ( (#+3) Jo
[5]
= G;k,r
la,r, s1,---, 85]
[@ 2,71, jﬁ]
[5] (n1)
o _ . rt D n(r—1) —1] — [n°(r — 1)° — 1]
[S1n " SCjn_“ Sﬁj [ (r—1P[n(r—1) —1] }
[@’Qujla ]ﬁ]

((n — z')(g!— 1+ 1))

Z Z ((n—z’)(n—i—l—l)—-—(n—i+¢+3)>8

(¢ + 4)! ¢
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[6]
= G*r
[a,r, 517_'_735]
[@ 27j17 jﬁ]
________________ SSSSSSSSSSSSSSSSSSSSSSSSSSSSSS
la — 1]
S| @
_[aa r,S81,---, 8,3]
[@7 27.j17'__ 7jﬁ]
_,,,,(n—l—l)[n(,r. —1)—1] - [n(a—l)(r — 1)(a—1) _ 1]]
=aq
(r—1eVn(r—1) — 1]

5 i i (i p a3y ()
n—1i)(n—1 ---(n—1 @ — !
;Z% ( (¢4 a—2)! >S¢ ’
[a]
= G;‘:T
la,r, s1,---,sg]
(@, 2, j1,---, jg]
[a] (n+1)
& . p(ntl [n(r_l)—l] — [no‘(r—l)a—l]
5], . f"_ ) Sﬁj = a (r—1)fn(r — 1) — 1] |
(@, 2, j1,---, jg]
i (n—i)(n—1i+1)
B (n-1) . . ;
(=it 1) =ito+a—2y ()
;;}( (p+a—1)! )5¢> 21
[ + 1]
= G:T
la,r,51,---,54]

[@a 2>j17_'_7j5]
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la + 1]
(S ar'
[a,r, 1,77, 8,3]
[@7 27j17___ 7],3]

rH ) n(r — 1) — 1] — [peH) (r — 1)) 1]
“[ (r = D)@ D [n(r — 1) — 1] ]

20D it (it ot a1y (DD
n—1)n—1 ---(n—1 a— |
;;( 6+ a)! )S¢> .
[ + 2]
= G:T
la,r, s1,---, s3]
[@727j17 "7j5]

———————————————— SEsssssesssssessssss cooo FOR EVER oo
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CRAZY-GEOMETRIC PROGRESSIONS

The following possibilities may be noted.

o :aﬁ%mgm—;wwhgm—wg%n+w»“

[CL, T17T27___7Tﬁ]

GH—U@Mn+U"%n+ﬂ—®>

s
s n > 1]
“a” as the Initiating Term, “ry”, “ry”, “rs”, ---, “rg” as the Inductive
Ratios [a, 71, ro, 13, ---, 13 are algebraic numbers r; # 1.

We may call this type of Progression THE CRAZY-GEOMETRIC
PROGRESSSION. Analytic Formulae for the Super—Sums do not allow
for any possible simplification in these cases. [See. 1]

We could of course induct and repeat the same inductive-block at as
many random points of entry and generalize appropriately. The details
though trivial are cumbersome. [See. 1]

Since the initiating term and Common Ratio and the Inductive Ra-
tios can be any algebraic number, we can see that each family of the
Progressions elucidated here, defines a unique Algebraic Field of Se-
quences.
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