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Abstract. In this paper we deal with families of base sys-
tems and properties of numbers. Various standard results
for base 10 are generalized appropriately for various base
systems. The elaborate but elementary proof by the method
of mathematical induction on two or three variables is omit-

ted in many cases.
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Introduction

In this paper we deal with families of base systems and properties of
numbers. For this we need a consistent notation for the Unit-Integers

of any base system B for All values of B > 2.
Let B > 2 be any given base.
We define the Unit-Integers in this base system thus
(OL[1)[2L[3}[4L[5].- - .[B-3][B-2][B-1] )

For example let B = 1729.
We define the Unit-Integers in this base system thus

<@7 7 7 7 7 7 e 7’ 1726‘7’ 1727 H 1728 ‘)

Then the number

134][734]894(674 (583 13] 10}, 5,

= 10.(1729)° 4 13.(1729)" + 583.(1729)*
+674.(1729)° + 894.(1729)*
+ 734.(1729)° + 134.(1729)°

in the decimal system.

Theorem 1. Let N = a,,B™ + a,,_1B™ '+ --- + a1 B + ay be the
representation of the positive integer /V to the base B. 0 < a; < B,
andlet R=ap —a; +ag — -+ (—=1)"ay.

Then (B + 1)| N if and only if (B + 1)|R.
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Proof. Let P(x) = arx” be a polynomial with Integer Coeffi-
k=0
cients.

Since B = —1(mod(B + 1)), we get ‘B(B) = P(—1)(mod(B + 1)) .
But B(B) = N, whereas B(—1) = ap—ay;+ags—- -+ (—1)"a,, = R,
so that N = R(mod(B + 1)). This implies that either both NV and R
are divisible by (B + 1) or neither is divisible by (B + 1).

(For B = 10 we have the standard result.) [1, p. 93] ]

Theorem 2. Let N = a,,10™ + a,,_;10™ ' + .- 4+ a;10 + ag be the
Decimal Expansion of the positive integer N, 0 < a; < 10, and let
J=ap+a+as+ -+ a,.

Then 10° — 1| N if and only if 9¢|J. [ = 1,2, - -]

Proof. For £ = 1 we have the standard result [1, p. 93]. Prove by the

application of the principle of mathematical induction on the variable
Sﬁg," |:|

Theorem 3. Let N = a,,B™ + a,,_1B™ ' + - + a1 B + ag be the
representation of the positive integer N to the base B, 0 < a; < B, and
let J =ag+ a1 +as+ -+ ay.

Then (B — 1)|N ifand only if (B — 1)|J. [€ =1,2,- ]

Proof. Prove by the application of the principle of mathematical in-

duction on the variable “£”. [

Theorem 4. Let F' = {B = 10 [¢ = 1,2, --]} be a family of base

systems.



4 R. NARAYANAN

Then for every integer “a” the unit digit of a? is

105],

100 + 1},/100 + 4

Y Y

106 + 5,/ 106 + 6]
OI'. [5:07172a"'(£_1)]

in each member system in this family of base systems.

Proof. For £ = 1 we have the standard result [1, p. 94]. Prove by the

application of the principle of mathematical induction on the variable
“g”‘ D

Theorem 5. Let I' = {B [B = 2,3, - -]} be a family of base systems.
For every integer “a” the unit digit of a® can be any integer < B

where B is the base of the system of notation.

Proof. For B = 10 we have the standard result [1, p. 94]. Prove
by the application of the principle of mathematical induction on the
variable “B”. ]

Theorem 6. Let ' = {B [B = 2,3, -]} be a family of base systems.
For every integer “a’ the unit digit of a” [T any odd number] can be any

integer (x| < B where B is the base of the system of notation.

Proof. For B = 10 and 7 = 3 we have the standard result [1, p. 94].
Prove by the application of the principle of mathematical induction on
the variable “B” and “7”. ]

Theorem 7. Let F' = {B = 10 [¢ = 1,2, --]} be a family of base

systems.
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Then for every integer “a” the unit digit of a* is

105],

in each member system in this family of base systems.

100 + 1

106 + 5

,or[106 +6]. [6 =0,1,2,--- (£ — 1)]

J

Proof. For £ = 1 we have the standard result [1, p. 94]. Prove by the

application of the principle of mathematical induction on the variable
C‘é',’- |:|

Theorem 8. Let ' = {B = 10 [ = 1,2,---]} be a family of base
systems.

Then for every integer “a” the unit digit of a*” [T > 1] is

105],

in each member system in this family of base systems.

100 41

106 + 5]or[106 + 6. [§ = 0,1,2,-- (€ — 1)]

9

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “£” and “7”. [

Theorem 9. Let ' = {B = 10 [ = 1,2,---]} be a family of base
systems.

Then the unit digit of a Triangular a Number is

105],

100 41

100 + 3

106 +5),/100 + 6/
or|[105 +8]. [§ =0,1,2,--- (£ — 1)]

in each member system in this family of base systems.

Y Y
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Proof. For £ = 1 we have the standard result [1, p. 94]. Prove by the

application of the principle of mathematical induction on the variable
“5”‘ D

Theorem 10. Let ' = {B =2 [£ = 1,2,---]} be a family of base
systems. Then any integer is divisible by |2 |if and only if its units digit
18 [0 =0,1,2,--- (£ —1)] in each member system in this family of

base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”. (For & = 5 we have the standard result
[1, p. 94].) []

Theorem 11. Let F = {B =3{+1[{ = 1,2,---]} be a family of
base systems.

Then any integer is divisible by | £ | if and only if the sum of its digits is
divisible by |£ |in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”. (For & = 3 we have the standard result
(1, p. 94].) ]

Theorem 12. Let F' = {B =3+ 1[¢ = 3,4,---]} be a family of
base systems.

Then any integer is divisible by the integer | 3| if and only if the sum of
its digits is divisible by | 3| in each member system in this family of base

systems.
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Proof. Prove by the application of the principle of mathematical in-

duction on the variable “¢”. (For & = 3 we have the standard result
[1, p. 94].) ]

Theorem 13. Let ' = {B = 10¢ [ = 1,2,-- -]} be a family of base
systems.

Then any integer of three or more digits is divisible by the integer
if and only if the number formed by its tens and units digits is divisible
by [0 = 1,2,---£] in each member system in this family of base

systems.

Proof. For £ = 1 we have the standard result [1, p. 94]. Prove by the

application of the principle of mathematical induction on the variable
‘65”. D

Theorem 14. Let F' = {B = 10¢ [¢ = 1,2,-- -]} be a family of base
systems.

Then any integer of three or more digits is divisible by the integer |4 | if
and only if the number formed by its tens and units digits is divisible

by |4]in each member system in this family of base systems.

Proof. For £ = 1 we have the standard result [1, p. 94]. Prove by the
application of the principle of mathematical induction on the variable
“5’77. |:|

Theorem 15. Let FF = {B =2 [€ = 1,2,---]|} be a family of base

systems.
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Then any integer is divisible by | £ |if and only if its units digit is [0] or
in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “¢”. (For & = 5 we have the standard result
[1, p. 94].) []

Theorem 16. Let F' = {B [B = 2,3,---]} be a family of base sys-

tems.

Then the units digit of ’ [w=0,1,2,---] [T > 1] is always,

in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “B” and “7”. []

Theorem 17. Let F = {B = 2£ [¢ = 2,3,---]|} be a family of base
systems.

Then the units digit of | 26w + 2 ’ [w=0,1,2,---] [t > 1] is always,
126]. [0 = 1,2,--- (€ — 1)] in each member system in this family of

base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the Val‘iables 12l and “w” and “7_”. |:|

Theorem 18. Let F' = {B = 10¢ [¢ = 1,2,-- -]} be a family of base
systems.
Then the units digit of | 10w + 3 " [w=0,1,2,---][7 > 1] is always,
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1106 4 1],[106 4 3], [106 + 7] or [106 + 9| [§ = 0,1,2,--- (£ — 1)] in

each member system in this family of base systems.

b

Proof. Prove by the application of the principle of mathematical in-

duction on the Val'iables 12l and “w” and “7_”. |:|

Theorem 19. Let F'={B =2(2{ +1) [( =1,2,---]} be a family of
base systems.
Then the units digit of [ 26| [7 > 1] is always, [2¢] or 2(¢€ 4+ 1)|in each

member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “£” and “7”. [

Theorem 20. Let ' ={B =2(2{+1) [ =1,2,---]|} be a family of
base systems.
Then the units digit of [2(26 + Dw + 2¢| [w = 0,1,2,---1[r > 1] is

always, | 2£ |or |2(¢ + 1) | in each member system in this family of base

systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “£” and “7”. l

Theorem 21. Let ' = {B = 4£ [ = 1,2,---]} be a family of base
systems.
Then the units digit of 4w + 2¢ " [w=0,1,2,---][7 > 1] is always,

[0] or |2£|in each member system in this family of base systems.
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Proof. Prove by the application of the principle of mathematical in-

ductlon on the Variables 1] al’ld uw” and “7_”. |:|

Theorem 22. Let ' ={B =2(2{+1)[( =1,2,---]} be a family of
base systems.
Then the units digit of [2(26 + w + 26+ 1| [w = 0,1,2,---]

[T > 1]|2£ + 1|in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the Val‘iables 12l and “w” and “7_”. |:|

Theorem 23. Let ' ={B =2(2{+1)[( =1,2,---]} be a family of
base systems.
Then the units digit of |2(£ + 1) "Ir > 11is always, |2(£ + 1) |in each

member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “£” and “7”. ]

Theorem 24. Let F'={B =22+ 1) [( =1,2,---]} be a family of
base systems.
Then the units digit of [2(26 + Dw +2(6 + )| [w = 0,1,2,---]

[7 > 1] is always, |2(£ + 1)| in each member system in this family

of base systems.

Proof. Prove by the application of the principle of mathematical in-

duction on the Val‘iables 12l al’ld uw” and “7_”. |:|



INFINITE FAMILIES OF BASE SYSTEMS AND PROPERTIES OF NUMBERS 11

Theorem 25. Let /' = {B = 10¢ [ = 1,2,---]} be a family of base
systems.

Then the units digit of | 10w + 7 ’ [w=0,1,2,---][7 > 1] is always,
1106 4 1},{106 4 3], [106 + 7| or 106 +9| [0 = 0,1,2,--- (£ — 1)] in

each member system in this family of base systems.

K Y

Proof. Prove by the application of the principle of mathematical in-

duction on the Variables “6” and “UJ” and “7_”. D

Theorem 26. Let F' = {B = 10 [¢ = 1,2,---]} be a family of base
systems.

Then the units digit of | 10w + 8 " [w=0,1,2,---][7 > 1] is always,
1106 + 2,106 + 4/, |106 4 6]or 106 + 8| [§ = 0,1,2,--- (£ — 1)] in

each member system in this family of base systems.

b

Proof. Prove by the application of the principle of mathematical in-

duction on the variables “£” and “w” and “7”. ]

Theorem 27. Let ' = {B [B = 2,3,---|} be a family of base sys-
tems.
Then the units digit of [Bw + B — 1] [w = 0,1,2,---1[7 > 1] is

always, |1] or in each member system in this family of base
systems.

Proof. Prove by the application of the principle of mathematical in-

ductlon on the Val"lables “B” al’ld “w” al’ld “7_”. |:|
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Theorem 28. Let /' = {B = 10 [ = 1,2,-- -]} be a family of base
systems.
Then for any integer a® — a + | 7 the units digit is ] 100 + 3 \, ] 100 + 7\

or 100+ 9| [0 = 0,1,2,--- (£ — 1)] in each member system in this

family of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”. (For & = 1 we have the standard result
[1, p. 94]) []

Theorem 29. Let F' = {B =10 [¢ = 1,2,---]} be a family of base
systems.
Then for any integer a®—a-+ 105 + 7 |the units digit is] 100 + 3|, | 100 + 7\

or [106 +9]. [0 = 0,1,2,---(£ — 1)] in each member system in this

family of base systems.

Y

Proof. Prove by the application of the principle of mathematical in-

duction on the variable “£”. [

Theorem 30. Let F' = {B [B = 2,3, -]} be a family of base sys-
tems.

If T denotes the N triangular number, then T, 9y = Tx(mod \);
hence, T and Ty.op must have the same last digit where B is any

base in which the triangular numbers are notated.

Proof. Prove by the application of the principle of mathematical in-
duction on the variables “N” and “B”. (For B = 10 we have the stan-
dard result [1, p. 95].) []
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Theorem 31. Let F'={B =2(2{+1) [( =1,2,---]} be a family of
base systems.

2" divides an integer NV if and only if 2" divides the number made up
of the last n digits of N in each member system in this family of base

systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”.
(Hint: [2(2£ +1)]* = 2F(2¢ +1)* = 0(mod 2") for & > n and for all £.)
(For £ = 2 we have the standard result [1, p. 95].) ]

Theorem 32. Let FF = {B =22+ 1)+ 26+ 1w [{ =1,2,---]
[w=0,1,3,5,---]} be a family of base systems.

(w+2)" divides an integer N if and only if (w+2)" divides the number
made up of the last n digits of N in each member system in this family

of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variables “£” and “w”.
(Hint: [2(2 +1) + (26 +1)w]® = (w+2)*(26 +1)* = 0(mod (w+2)")
for k£ > n and for all ¢ and w.)
(For £ = 2 and w = 0 we have the standard result [1, p. 95].) [

Theorem 33. Let F' = {B [B = 2,3, -]} be a family of base sys-
tems.

Then for any integer N > 1, 3 (there exists) a prime number with at
least N of its digits equal to zero in each member system of this family

of base systems.
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Proof. Prove by the application of the principle of mathematical in-
duction on the variable “B”.
(Hint: Consider the family of arithmetic progressions BY !\ 4 1 for
A=1,2,--- for each base B.)
(For B = 10 we have the standard result [1, p. 95].) []

Theorem 34. Let FF = {B = 3{ + 1 [£ = 3,4,---]} be a family of
base systems.

Let N = a,, B™ + a,,_1B™ 1 4+ - 4+ a, B + ay be the representation
of the positive integer NV to the base B, 0 < a; < B.

Then |26 + 1, [3& + 2|and |4 4 1| all divide N if and only if |26 4+ 1),
3¢ 4 2| and |4¢ + 1| divide the integer

M = [(3¢ + 1)%az + (3¢ + 1)as + ay
— [(8¢ +1)%as + (3¢ + 1)as + as)
+ [(36 + 1)%as + (3¢ + 1)ag + ag) — -

in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”.

(Hint: If n is even, then
(3¢ +1)*" = 1(mod (3¢ + 1)® + 1);
(3¢ + 1) = (3¢ 4 1)(mod (3¢ + 1)% + 1);
(3¢ + 1) = (3¢ 4+ 1)*(mod (3¢ + 1)° 4 1).
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If n 1s odd, then

(3¢ +1)*" = —1(mod (3¢ +1)3 +1);
(3¢ +1)*"" = —(3¢ + 1)(mod (3¢ + 1) + 1);
(3¢ +1)*"2 = —(3¢ + 1)*(mod (3¢ +1)% 4+ 1).

(For £ = 3 we have the standard result [1, p. 95].) []

Theorem 35. Let ' ={B =2(2{+ 1) [( =1,2,---]} be a family of
base systems.

Let N = a,,B™ + a,,_1B™ ! + -+ + a; B + q be the representation
of the positive integer N to the base B, 0 < a, < B.

Then |26 + 1|divides N if and only if | 2§ + 1|divides the integer

M =ag+|28la; + |28 las + - - - + |26 |ay,.

in each member system in this family of base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”.
(For £ = 2 we have the standard result [1, p. 95].) [

Theorem 36. Let ' ={B =22+ 1) [( =1,2,---]} be a family of
base systems.

Then for any integer N, N and N+ [¢ = 1,2,---] have the same
unit’s digit in each corresponding member system in this family of base

systems.
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Proof. Prove by the application of the principle of mathematical in-
duction on the variable “£”.
(For ¢ = 2 we have the standard result [1, p.119].) l

Theorem 37. Given an integer N, let M be the Reversido integer'
formed by reversing the order of the digits of NV in that base system B
[B > 2].

(N — M) is divisible by (B — 1) in each of these base systems.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “B”.
(For B = 10 we have the standard result [1, p.95].) []

Theorem 38. A palindrome is a number N that reads the same back-
wards as forwards in any base system B [B > 2]. i.e., When the Re-
versido integer M of an integer N is equal to itself it is palindrome.
Any palindrome in any base system B [B > 2] with an even number of
digits is divisible by (B + 1) in that base system.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “B”.
(For B = 10 we have the standard result [1, p.95].) []

Theorem 39. Given a repunit R, represented to any base B [B > 2]

(B —1)|R,, if and only if (B — 1)|n.

I This terminology is new. I hope that it is acceptable!



INFINITE FAMILIES OF BASE SYSTEMS AND PROPERTIES OF NUMBERS 17

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “B”.
(For B = 10 we have the standard result [1, p.95].) l

Theorem 40. Given a repunit 17, represented to any base B

(B + 1)|R,, if and only if n is even.

Proof. Prove by the application of the principle of mathematical in-
duction on the variable “B”.
(For B = 10 we have the standard result [1, p.95].) ]

Theorem 41. Let [, be an integer [ repeated n times and called a
repinteger 1,,.
Given a repunit R,, or more generally a repinteger [,, represented to

any base B
R,,|R,, if and only if m|n. [for all m > 1 and n > 1]

I,,|1,, if and only if m|n. [for all m > 1 and n > 1]

Proof. Trivial! ]

Theorem 42. Let oIo be repinteger-infinity i.e., an integer [ repeated to
infinity. i.e., [JITTTITTITTIITTITITIIIIIIIIL-- 00l =1,2,--00]

Every repinteger-infinity / is divisible by all the factors f of the re-
peating integer [ and it yields a repinteger-infinity J with J having the
same number of digits as /. When the number of digits of .J is less than

I then the vacant digit places are filled with zeroes.
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1.e.,
I I
- = and — =f
/ J
For eg:
198 — 128128128128128 - - - - - oo divided by 16 yields
008008008008008 - - - - - - 00 = 005)8
1.€.,
12
008
Theorem 43.

a). A repinteger [, [/ > 1] and a repinteger-infinity [ [/ > 1]

represented in any base B are composite.

b). Let [kx] be the linearly rhythmic infinitely long integer [[ril:]
(kx| = kx,2kx, 3kx, - - - oo and let [x), = 1kx,2kz, 3kx, - - -, nkx for
all k > 1 and x > 1. For eg:

[2.7] = 714212835424956 - - - - - - 0

[5.7] = 73570105140175 - - - - - 00

forall k > 1 and = > 1, k is a factor of [kx] and [kz],, and hence [kz]

and [kz], represented in any base B are composite.

¢). Infinite possible functional zero-rhythms [ f zor] {in fact any number

of zeroes in any random fashion finite or infinite} may be inducted be-
[0}

tween the repeating integers in any repinteger-infinity [rept] I [[ > 1]
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and between the rhythmic integers in the sequences of any linearly
rhythmic infinitely long integer [Irl:] [13}] = kx,2kx, 3kx, - - - co for
allk > 1land z > 1.

All [fzor/lrili] and [ fzor/repi] represented in any base B are com-

posite. For eg:
1. 3/[kx] = kx,032kx,033kz,03--- 0o forall k > 1and z > 1
2. F/[]{ZE] ka, OF(l)ka, OF(Q)?)]CZE, OF(3) ---ooforallk > land xz > 1.

[Here F'(7) is any function of a random variable 7. Many-valued
functions and any generalized function may also be used to generate

the zero rhythms. ]

Notes: Any infinitely long natural number N, [limit integer] which is
not a A repinteger-infinity [repi] I [ > 1] or a linearly rhythmic infin-

itely long integer [Iril7] [[kx]] (forall k > 1 and z > 1) or [ fzor /Irili]

and [ fzor/repi] is a limit prime number.

Notes ~

Any infinitely long natural number N, [limit integer] which has no fi-
nite factor other than 1 is a limit prime number.

1e.,

Any infinitely long natural number N, [limit integer] which is com-

posite has at least one finite factor other than 1.
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